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Let γt(G) denote the total domination number of the graph G. The graph G is said to be
total domination edge critical, or simply γt(G)-critical, if γt(G + e) < γt(G) for each e ∈
E(G). We show that any γt(G)-critical graph G with γt(G) ≥ 5 has at most γt(G) − 2
leaves, and characterize those γt -critical graphs G having exactly γt(G)− 2 leaves. We also
constructively establish the existence (with one exception) of h-critical graphs G with k
leaves, where k is any nonnegative integer at most h − 2. Finally, we characterize the γt -
critical unicyclic graphs.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
A set S ⊆ V (G) of a graph G is a total dominating setif every vertex in G is adjacent to a vertex of S. Every graph G
without isolated vertices has a total dominating set, since S = V (G) is such a set. The total domination number, γt(G), is
the cardinality of a smallest total dominating set. A dominating set in a graph G is a subset S of V (G) such that every vertex
not in S is adjacent to a vertex in S. The domination number, γ (G), is the cardinality of a smallest dominating set. For sets
S, X ⊆ V (G), if S totally dominates X , we write S≻t X , while if S dominates X , we write S ≻ X . A total dominating set of G
of cardinality γt(G) is called a γt(G)-set or just a γt-set when the context is clear. A fuller treatment of domination-related
concepts, including those not defined here, may be found in [1].
The order of G is |V (G)|. The open neighborhood of a vertex v is N(v) = {w | vw ∈ E(G)}. The degree of a vertex v (written
as deg(v)) is |N(v)|. A vertex of degree 1 is called a leaf. A vertex uwhich is adjacent to a leaf is called a support vertex.
A graph G is total domination edge critical, or just γt(G)-critical, if γt(G + e) < γt(G) for any e ∈ E(G) ≠ ∅. If G is total
domination edge critical and γt(G) = k, we say that G is k-critical. Haynes et al. [6] initiated the study of total domination
edge critical graphs. In particular, they characterized families of 3-critical graphs. Moreover, in [9], Van der Merwe and
Loizeaux studied 4-critical graphs. There has been a flurry of recent papers (see [4,3,5,7,8]) on total edge domination critical
graphs.
In Section 2, we generalize a proposition from [9] to all γt(G)-critical graphs. In Section 3, we show that any γt(G)-critical
graph G with γt(G) ≥ 5 has at most γt(G) − 2 leaves, and characterize those γt-critical graphs G having exactly γt(G) − 2
leaves. We also constructively establish the existence (with one exception) of h-critical graphs G with k leaves, where k is
any nonnegative integer at most h− 2. Finally, we characterize the γt-critical unicyclic graphs.
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2. General results for edge critical graphs
According to [9], any pair of nonadjacent vertices in a 4-critical graphmust satisfy one of three conditions. A similar result
from [10] allows one to determine whether certain graphs are not 3-critical or 4-critical. Here we generalize these results
to a wider family of graphs and simplify the formulation.
Observation 1. If G is k-critical and u and v are two nonadjacent vertices in G, then at least one of the following is true.
1. Both u and v are in a γt-set U of G+ uv,U ≻ G, while S := U − {u, v} satisfies |S| ≤ γt(G)− 3.
2. Exactly one of u and v, u say, is in a γt-set U of G+ uv, while S := U − {u} satisfies S ∪ {u}≻t G− v and |S| ≤ γt(G)− 2.
Proof. Let U be a γt-set of G+ uv. If neither u nor v is in U , then U is also a total dominating set of G, whence γt(G) ≤ |U| =
γt(G+ uv) < γt(G), which is a contradiction. Thus, {u, v} ∩ U ≠ ∅.
Case 1. {u, v} ⊆ U . Clearly, U ≻ G. Let S := U −{u, v}. If |S| ≥ γt(G)− 2, then γt(G) ≤ |S|+ 2 = |U| = γt(G+ uv) < γt(G),
which is a contradiction. Hence, |S| ≤ γt(G)− 3.
Case 2. {u, v}∩U = {u}. Clearly, U ≻t G−v. Let S := U−{u}. If |S| ≥ γt(G)−1, then γt(G) ≤ |S|+1 = |U| = γt(G+uv) <
γt(G), which is a contradiction. Hence, |S| ≤ γt(G)− 2. 
Observation 2. Let G be a γt(G)-critical graph with nonadjacent vertices u and v. If U is a γt-set for G + uv and u ∈ U but
v ∉ U, then N(v) ∩ U = ∅.
Proof. By the second part of Observation 1, U ≻t G− v. If N(v)∩ U ≠ ∅, then U ≻t G, whence γt(G) ≤ |U| = γt(G+ uv) <
γt(G), which is a contradiction. Hence, N(v) ∩ U = ∅. 
Observation 3. Let G be a graph with γt(G) = k. If u and v are nonadjacent vertices in G with u′ ∈ N(u) and v′ ∈ N(v) such
that u′ and v′ are in every γt-set of G+ uv, then G is not k-critical.
Proof. Assume thatG is k-critical and thatU is a γt-set ofG+uv. Consequently |U| < k, sinceG is k-critical. By Observation 1,
the set {u, v} ⊆ U or {u, v} ∩ U = {u}. In the first case, U ≻t G, whence γt(G) ≤ |U| < k, which is a contradiction. In the
second case, v′ ∈ N(v) ∩ U , which contradicts Observation 2. 
The following two results will be used in Section 5.
Observation 4. Suppose u and v are nonadjacent vertices of G, and let U be a γt(G+uv)-set. If N(u)∩U ≠ ∅ and N(v)∩U ≠ ∅,
then G is not γt-critical.
Proof. As U ≻t G, γt(G) ≤ |U| = γt(G+ uv), and so G is not γt-critical. 
Lemma 5. Let G be a graph and let v1 and v6 be nonadjacent vertices of G. If v1, v2, v3, v4, v5, v6 is a path in G such that
deg(vi) = 2 for i = 2, 3, 4, 5, then G is not γt-critical.
Proof. Assume G is γt-critical, and let U be a γt(G + v1v6)-set. By Observation 1, {v1, v6} ∩ U ≠ ∅. Assume, without loss
of generality, that v1 ∈ U . If v6 ∈ U , then |U ∩ {v2, v3, v4, v5}| ≥ 2, and so (U − {v2, v3, v4, v5}) ∪ {v2, v5}≻t G, whence
γt(G) ≤ |U| = γt(G+ v1v6) < γt(G), which is a contradiction. Thus, v6 ∉ U . By Observation 2, v5 ∉ U , and so {v3, v4} ⊆ U .
But then U − {v3} ∪ {v5}≻t G, whence γt(G) ≤ |U| = γt(G + v1v6) < γt(G), which is a contradiction. Thus, G is not
γt-critical. 
It is easily seen that the cycles C5 and C6 are γt-critical. As a consequence of Lemma 5, we have:
Corollary 6. The cycle Cn is γt-critical if and only if n ∈ {3, 5, 6}.
3. Edge critical graphs with leaves
We now turn our attention to γt(G)-critical graphs having leaves. In particular, we will show that a γt(G)-critical graph
Gwith γt(G) ≥ 5 has at most γt(G)− 2 leaves, and characterize those γt-critical graphs G having exactly γt(G)− 2 leaves.
Haynes et al. [6] (Loizeaux and Van der Merwe [9], respectively) showed that a 3-critical (4-critical, respectively) graph has
at most one leaf.
LetG be a γt(G)-critical graph and let s be a support vertex ofG adjacent to the leaves ℓ1 and ℓ2. LetU be a γt-set ofG+ℓ1ℓ2.
Then, without loss of generality, we may assume that |{ℓ1, ℓ2} ∩ U| ≤ 1, and so U is a total dominating set of G, whence
γt(G) ≤ γt(G+ ℓ1ℓ2) < γt(G), which is a contradiction. We conclude that every support vertex of a γt(G)-critical graph is
adjacent to exactly one leaf.
Let ℓ1 and ℓ2 be leaves of the γt(G)-critical graph G, and let s1 (s2, respectively) be the neighbor of ℓ1 (ℓ2, respectively).
Suppose s1s2 is an edge of G, and let U be a γt-set of G+ ℓ1ℓ2. We may assume that {ℓ1, ℓ2} ∩ U = ∅ and {s1, s2} ⊆ U . But
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then U is a total dominating set of G, whence γt(G) ≤ |U| = γt(G + ℓ1ℓ2) < γt(G), which is a contradiction, and so the
support vertices s1 and s2 are nonadjacent.
The support vertices of a γt(G)-critical graph, therefore, form an independent set, a result due to Haynes et al. [2]. In
the same paper, it is also shown that no tree is γt-critical. Moreover, the number of support vertices in any γt-critical graph
mustmatch the number of leaves. Finally, for any γt-critical graph Gwith leaves, every γt-set must include all of the support
vertices and so γt(G)must exceed the number of support vertices (leaves, respectively).
Suppose G is a γt-critical graph withm components G1, . . . ,Gm. Then Gi is γt(Gi)-critical for i = 1, . . . ,m. Since the only
connected edge critical graph of order at most 5 is the cycle C5, each component of Gmust be a nontrivial complete graph,
the cycle C5 or have order at least 6.
Theorem 7. If G is a γt-critical graph, then G has at most one component of order at least 3 with a leaf.
Proof. Suppose G is a γt-critical graph with two components G1 and G2 of order at least 3. Let ℓi be a leaf of Gi for i = 1, 2.
Moreover, let si be the support vertex of ℓi for i = 1, 2, and let ri ∈ N(si)− {ℓi} for i = 1, 2. Consider the graph G+ r1r2 and
observe that s1, s2 must be in every γt(G + r1r2)-set since the leaves ℓ1 and ℓ2 must be dominated. By Observation 3, G is
not γt-critical, a contradiction. Thus, at most one of G1 and G2 has a leaf. 
As an immediate consequence we have:
Corollary 8. Let G be a γt-critical graph, and suppose G = pK2∪H, where each component of H has order at least 3. The number
of leaves of G equals 2p plus the number of leaves in H. Leaves in H all occur in the same component of H.
In light of Theorem 7 and Corollary 8, we consider only connected γt-critical graphs G of order at least 3 in the remainder
of this paper. Let H be the graph constructed from C5 by joining a new vertex v to three consecutive vertices of C5. As the
graph 2H illustrates, a graph consisting of two γt-critical graphs need not be γt-critical.
Let G be a connected γt-critical graph. Let L = {ℓ1, . . . , ℓk} be the set of leaves of G, let S = {s1, . . . , sk} be the set of
support vertices of G and let D be the set of vertices at distance 2 from a leaf of G. Note that L∩D = S ∩D = ∅ as L and S are
perfectly matched and S is an independent set. In what follows, we will assume that ℓi is matched to si for i = 1, . . . , k.
Lemma 9. If G is a γt-critical graph, then D is complete.
Proof. Let d and d′ be nonadjacent vertices ofD, and suppose si ∈ N(d), while sj ∈ N(d′). As si and sj are in every γt(G+dd′)-
set, it follows by Observation 3 that G is not γt-critical, a contradiction. Hence, D is complete. 
Lemma 10. If G is a γt-critical graph and has more than two leaves, then there is at most one s ∈ S for which {s} ≻ D.
Proof. Let s1 and s2 be vertices in S such that {s1} ≻ D and {s2} ≻ D. Let U be a γt-set of G+ ℓ1ℓ2. By Observation 1, either
{ℓ1, ℓ2} ⊆ U or |{ℓ1, ℓ2} ∩ U| = 1.
First consider the case when {ℓ1, ℓ2} ⊆ U . Then, without loss of generality, we may assume that U ∩ {ℓ3, s3} = {s3},
while d ∈ U for some neighbor of s3. But then U − {ℓ1, ℓ2} ∪ {s1, s2} is a total dominating set of G, and so γt(G) = |U| =
γt(G+ ℓ1ℓ2) < γt(G), which is a contradiction.
Next consider the case where |{ℓ1, ℓ2} ∩ U| = 1, say ℓ1 ∈ {ℓ1, ℓ2} ∩ U . Then s1 ∈ U , and there exists d ∈ N(s2) ∩ U . But
then U − {ℓ1} ∪ {s2} is a total dominating set of G, and so γt(G) ≤ |U| = γt(G+ ℓ1ℓ2) < γt(G), which is a contradiction.
We conclude that there is at most one s ∈ S for which {s} ≻ D. 
When G has only two leaves, the conclusion of Lemma 10 does not hold. Consider Fig. 1 where a graph has two leaves
and both support vertices dominate D. Note that V (G) ≠ L ∪ S ∪ D.
Theorem 11. Let G be a γt-critical graph with γt(G) ≥ 5. Then G has at most γt(G)− 2 leaves.
Proof. Let γt(G) = r ≥ 5 and suppose G has at least r − 1 leaves. Let R = V (G)− D− S − L, and let U be a γt(G)-set. Then
S ⊆ U ∩ (L ∪ S), and so |U ∩ (D ∪ R)| ≤ |U| − |U ∩ (L ∪ S)| ≤ r − (r − 1) = 1. As S is independent, there is a d ∈ U ∩ D
which is adjacent to every vertex of S ∪ R. Thus, G has exactly r − 1 leaves. Let U be a γt(G + sisj)-set. Then, as U ≻ L, we
have r − 1 ≤ |U| = γt(G+ sisj) < γt(G) = r , whence U ⊆ L ∪ S. But then U ⊁t S − {si, sj}, which is a contradiction. Thus,
G has at most γt(G)− 2 leaves. 
This completes the picture for the maximum number of leaves in any γt(G)-critical graph: recall that if γt(G) = 3 or 4,
the maximum number of leaves is 1.
Let k ≥ 5 and p ≠ 1benonnegative integers. Construct a Type1 graphG1 in the followingway: let L = {ℓ1, . . . , ℓk−2}, S =
{s1, . . . , sk−2}, {d1, . . . , dp+k−2}, R = {r1, . . . , rp},DR and DS be disjoint sets. Note that if p = 0, then DR = ∅. Join ℓi to si for
i = 1, . . . , k− 2. Add edges such that ⟨R⟩ and ⟨D⟩, where D = ∪p+k−2i=1 {di} ∪ DR ∪ DS , are complete and each ri is adjacent to
every vertex of∪p+k−2j=1 {dj}− {di}. Add edges between DR and R∪ S such that each vertex of DR is nonadjacent to exactly one
vertex of R, but adjacent to all vertices of S. Lastly, join each si to every vertex of∪p+k−2j=1 {dj}−{dp+i}, and add edges between
DS and R ∪ S such that each vertex of DS is nonadjacent to exactly one vertex of S, but adjacent to all vertices of R.
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Fig. 1. Counterexample to the result of Lemma 10 when G has only two leaves. Note that V (G) ≠ L ∪ S ∪ D.
Construct a Type 2 graph G2 in the following way: let L = {ℓ1, . . . , ℓk−2}, S = {s1, . . . , sk−2}, {d1, . . . , dp+k−3}, R =
{r1, . . . , rp},DR and DS be disjoint sets. Note that if p = 0, then DR = ∅. Join ℓi to si for i = 1, . . . , k− 2. Add edges such that
⟨R⟩ and ⟨D⟩, where D = ∪p+k−3i=1 {di} ∪ DR ∪ DS , are complete and each ri is adjacent to every vertex of ∪p+k−3j=1 {dj} − {di}. Add
edges between DR and R∪ S such that each vertex of DR is nonadjacent to exactly one vertex of R, but adjacent to all vertices
of S. Lastly, for i = 1, . . . , k − 3, join si to every vertex of ∪p+k−3j=1 {dj} − {dp+i}, join sk−2 to every vertex of D and add edges
between DS and R ∪ S such that each vertex of DS is nonadjacent to exactly one vertex of S, but adjacent to all vertices of R.
Let G be the family of graphs G1 and G2 constructed above.
Theorem 12. If G ∈ G, then G is a k-critical graph with k− 2 leaves.
Proof. We show that every Type 1 or Type 2 graph G is k-critical.
Let U be a γt(G)-set, and suppose |U| ≤ k − 1. Then |U ∩ (S ∪ L)| ≥ k − 2. If |U ∩ (S ∪ L)| = k − 1, then U ⊁t G. Thus,|U ∩ (S ∪ L)| = k− 2. As S is independent, there exists a d ∈ D such that {d} ≻ S ∪ R, which is a contradiction. We conclude
that γt(G) ≥ k. Moreover, {dp+1, dp+2} ∪ S≻t G, and so γt(G) ≤ k, whence γt(G) = k.
We now show that G is k-critical.
1. {d} ∪ S≻t G+ rd for each r ∈ R and d ∈ D for which rd ∉ E(G).
2. {di} ∪ S≻t G+ risj for any i ∈ {1, . . . , p} and j ∈ {1, . . . , k− 2}.
3. {ri, dt} ∪ S − {si}≻t G+ riℓj where i and t are distinct elements of {1, . . . , p} and j ∈ {1, . . . , k− 2}.
4. {d} ∪ S≻t G+ sd for each s ∈ S and d ∈ D for which sd ∉ E(G).
5. For ℓid ∉ E(G) where i ∈ {1, . . . , k − 2} and d ∈ D: if {d} ≻ R or R = ∅, then d is nonadjacent to only one element
of S, say sj, and {d, ℓj} ∪ S − {si}≻t G + ℓid; if {d} ≻ S, then d is nonadjacent to only one element of R, say rj, and
{d, rt} ∪ S − {si}≻t G+ ℓidwhere t ∈ {1, . . . , p} − {j}.
6. {dp+j} ∪ S≻t G+ sisj, where, without loss of generality, we may assume that j ≠ k− 2.
7. {dp+j} ∪ S − {si, sj} ∪ {ℓi, ℓj}≻t G+ ℓiℓj, where, without loss of generality, we may assume that j ≠ k− 2.
8. {dp+j} ∪ S − {si, sj} ∪ {si, ℓj}≻t G+ siℓj, where, without loss of generality, we may assume that j ≠ k− 2.
In each of the cases above, we found a total dominating set of cardinality k− 1, and so G is k-critical. 
Theorem 13. If G is γt(G)-critical with γt(G) ≥ 5, and G has γt(G)− 2 leaves, then G ∈ G.
Proof. Let G be a γt(G)-critical with k := γt(G) ≥ 5 and k− 2 leaves. Let R = V (G)−D− S− L. Before proceeding with the
proof, we establish a few useful lemmas. 
Lemma 14. If R ≠ ∅, then ⟨R⟩ is complete.
Proof. Suppose r, r ′ ∈ R are nonadjacent, and let U be a γt(G+ rr ′)-set. Then S ⊆ U ∩ (S ∪ L), and so k− 2 ≤ |U ∩ (S ∪ L)|.
As |U| ≤ k − 1, S is independent, and S is totally dominated by U , there exists d ∈ D ∩ U such that {d} ≻ S ∪ R. But then
{d} ∪ S is a total dominating set of G of cardinality k− 1, and so γt(G) ≤ γt(G+ rr ′) < γt(G), which is a contradiction. We
conclude that ⟨R⟩ is complete. 
Lemma 15. Every d ∈ D is nonadjacent to exactly one vertex of R ∪ S.
Proof. If d is adjacent to every vertex of S ∪R, then {d}∪ S≻t G, and so γt(G) ≤ k− 1, which is a contradiction. Suppose d is
nonadjacent to distinct vertices u and v of S∪R, and letU be a γt(G+du)-set. Then S ⊆ U∩(S∪L), and so k−2 ≤ |U∩(S∪L)|.
As |U| ≤ k− 1, S is independent, and S is totally dominated by U , there exists d′ ∈ D ∩ U such that {d′} ≻ S ∪ R. As d is not
adjacent to v in G + du, d′ ≠ d, and so d′ ∈ D is adjacent in G to every vertex of S ∪ R, which is a contradiction. Thus, each
vertex of D is nonadjacent to exactly one vertex of S ∪ R. 
Lemma 16. If r ∈ R, then {r} ⊁ D.
Proof. Let r ∈ R be such that {r} ≻ D, and suppose U is a γt(G+ rs1)-set. Then S ⊆ U ∩ (S ∪ L), and so k− 2 ≤ |U ∩ (S ∪ L)|.
As |U| ≤ k − 1, S is independent, and S − {s1} is totally dominated by U , there exists d ∈ D ∩ U such that {d} ≻ S − {s1}.
Moreover, as |U| ≤ k− 1 and as the set R− {r} ∪ {s1}must be totally dominated, {d} ≻ {s1} ∪ R− {r}, and so {d} ∪ S≻t G,
which is a contradiction. Thus, {r} ⊁ D. 
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Let R = {r1, . . . , rp}. For i = 1, . . . , p, let di be a vertex inDwhich is nonadjacent to ri. As every vertex inD is nonadjacent
to exactly one vertex of R (cf. Lemma 15), di ≠ dj for distinct i, j ∈ {1, . . . , p}.
By Lemma10, {si} ⊁ D for i = 1, . . . , k−2 or {si} ≻ D for some i ∈ {1, . . . , k−2}, while {sj} ⊁ D for j ∈ {1, . . . , k−2}−{i}.
Without loss of generality, we assume that if {si} ≻ D for some i ∈ {1, . . . , k− 2}, then i = k− 2. For each i = 1, . . . , k− 3,
let dp+i be a vertex of D that is nonadjacent to si. Furthermore, if {sk−2} ⊁ D, let dp+k−2 ∈ D be nonadjacent to sk−2. By
Lemma 15, vertices in∪k−3i=1 {dp+i} or∪k−2i=1 {dp+i} are distinct, depending onwhether {sk−2} ≻ D or not. Notice that each vertex
in {d1, . . . , dp} is adjacent to every vertex of S. Moreover, dp+i is adjacent to every vertex of S∪R except si for i = 1, . . . , k−3
and sk−2 is adjacent to every vertex of D or dp+i is adjacent to every vertex of S ∪ R except si for i = 1, . . . , k− 2.
If {sk−2} ≻ D, let D′ = {d1, . . . , dk−3}; otherwise let D′ = {d1, . . . , dk−2}. Let DR be the vertices in D − D′ which are
nonadjacent to exactly one vertex of R, but adjacent to all vertices of S, and let DS = D− D′ − DR. Notice that each vertex in
DS is adjacent to all vertices in R, but nonadjacent to exactly one vertex of S.
Suppose p = 1, and let r = r1. Let U be a γt(G + rℓ1)-set. Then |U| ≤ k − 1, while |U ∩ {s2, . . . , sk−2}| = k − 3. As
U ≻ ℓ1, {ℓ1, s1, r} ∩ U ≠ ∅. If ℓ1 ∈ U , then either r ∈ U or s1 ∈ U , which implies that U ⊁t{s2}, a contradiction. So assume
ℓ1 ∉ U . If r ∈ U , then the remaining vertex of U must dominate {r} ∪ S, a contradiction. Thus, r ∉ U , and so s1 ∈ U . But
then the remaining vertex of U must dominate {r} ∪ S, which is a contradiction. Thus p ≠ 1, and so G ∈ G. 
4. The existence of critical graphs with leaves
In this section, we establish the existence of an h-critical graph with k leaves for any integer k such that 0 ≤ k ≤ h− 2.
The only exception is when h = 4 and k = 2.
We define three operations on a graph Gwith vertices x and y.
• O1: Join vertices x and ywith a path x, u, w, y, where u, w ∉ V (G).
• O2: Append a path P2 to G by attaching a path x, u, w, where u, w ∉ V (G).
• O3: Join a vertex u ∉ V (G) to the vertex x.
Theorem 17. Let h and k be integers, with h ≥ 3 and 0 ≤ k ≤ h− 2, with the exception of (h, k) = (4, 2). Then there exists an
h-critical graph G with k leaves.
Proof. For (h, k) = (3, 0), C5 is 3-critical, for (h, k) = (3, 1), see Fig. 2, and for (h, k) = (4, 1), see [9].
Case 1. k = 0.
If h is even, partition the vertices of a complete graph Kh into sets X = {x1, x2, . . . , x h
2
} and Y = {y1, y2, . . . , y h
2
}. To
construct G, for each pair xi, yi, perform Operation O1. It is easy to verify that G is h-critical.
If h is odd and h ≥ 5, partition the vertices of a complete graph Kh−1 into sets X = {x1, x2, . . . , x h−3
2
}, Y = {y1,
y2, . . . , y h−3
2
}, and Z = {z1, z2}. Let C be the 5-cycle with consecutive vertices c1, c2, . . . , c5. To construct G, for each pair
xi, yi, perform OperationO1. In addition, add the edges z1c1, z1c2, z1c3 and the edges z2c2, z2c3, z2c4. It is again easy to verify
that G is h-critical.
Case 2. h ≥ 5 and 1 ≤ k ≤ 12h.
If h is even, partition the vertices of a complete graph Kh−k into sets X = {x1, x2, . . . , x h
2−k}, Y = {y1, y2, . . . , y h2−k}, and
Z = {z1, z2, . . . , zk}. To construct G, for each pair xi, yi, perform Operation O1, and for each zi, perform Operation O2. It is
easy to verify that G is h-critical.
If h is odd, partition the vertices of a complete graph Kh−k+1 into sets X = {x1, x2, . . . , x h+1
2 −k}, Y = {y1, y2, . . . ,
y h+1
2 −k}, Z = {z1, z2, . . . , zk−1}, and {w}. To construct G, for each pair xi, yi, perform Operation O1, for each zi, perform
Operation O2, and forw, perform Operation O3. It is again easy to verify that G is h-critical.
Case 3. h ≥ 5 and 12h < k ≤ h− 2.
Let h′ = 2k− h+ 4, k′ = 2k− h+ 2,m = k′ − 1, and N = h− k− 2. Note that k′ ≥ 3, whilem ≥ 2.
Let L = {ℓ1, . . . , ℓk′} ∪ {ℓk′+1, . . . , ℓk′+N} = {ℓ1, . . . , ℓk}, let S = {s1, . . . , sk′} ∪ {sk′+1, . . . , sk′+N} = {s1, . . . , sk}, and let
D = {d1, . . . , dk′}∪ {dk′+1, . . . , dk′+N} = {d1, . . . , dk}. Construct the graph Gwith vertex set L∪ S ∪D by joining vertex ℓi to
vertex si for i = 1, . . . , k, joining vertex di to each vertex of {s1, . . . , sk′} − {si} for i = 1, . . . , k′, joining vertex di to vertex
si for i = k′ + 1, . . . , k, and joining di to dj for every i ≠ j.
Note that G has k leaves. We now show that G is h-critical.
1. γt(G) = h: Note that {d1, d2}∪S∪{dk′+1, . . . , dk}≻t G, and so γt(G) ≤ 2+k+ (k−k′) = 2k−k′+2 = 2k− (2k−h+2)
+ 2 = h.
Let U be a γt(G)-set. Then |U ∩ S| = k, while |{di, ℓi} ∩ U| = 1 for i = k′ + 1, . . . , k. If {d1, . . . , dk′} ∩ U = ∅, then
{ℓ1, . . . , ℓk′} ⊆ U , whence γt(G) = |U| ≥ k + (k − k′) + k′ > k + 2 + (k − k′) ≥ γt(G), which is a contradiction.
If {d1, . . . , dk′} ∩ U = {di}, say, then as U ≻t{si}, we must have that ℓi ∈ U , whence |U| ≥ 2 + k + (k − k′) = h. If
|{d1, . . . , dk′} ∩ U| ≥ 2, then |U| ≥ 2+ k+ (k− k′) = h. Consequently, γt(G) = h.
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Fig. 2. G is 3-critical with one leaf.
2. S ∪ ∪kj=k′+1{dj} ∪ {di}≻t G + disi for i = 1, . . . , k′, S ∪ ∪kj=k′+1{dj} − {dt} ∪ {di, ℓi}≻t G + dist for i = 1, . . . , k′ and
t = k′+ 1, . . . , k, S ∪∪kj=k′+1{dj} ∪ {di}≻t G+ dtsi for i = 1, . . . , k′ and t = k′+ 1, . . . , k, while S ∪∪kj=k′+1{dj}− {dt ′} ∪
{d1, d2}≻t G+ dtst ′ with t ′ and t distinct elements of {k′ + 1, . . . , k}.
3. For ℓid ∉ E(G) where i ∈ {1, . . . , k′} and d ∈ {d1, . . . , dk′}: as d is nonadjacent to only one element of S, say
sj, S − {si} ∪ {d, ℓj}≻t G + ℓid. Moreover, S − {st} ∪ {di, di′} ∪ ∪kj=k′+1{dj}≻t G + diℓt where i, i′ are distinct elements
of {1, . . . , k′} and t ∈ {k′ + 1, . . . , k}, S − {si} ∪ {ℓi, di} ∪ ∪kj=k′+1{dj}≻t G + dtℓi where i ∈ {1, . . . , k′} and t ∈
{k′ + 1, . . . , k}, S − {st} ∪ ∪kj=k′+1{dj} ∪ {d1, d2}≻t G+ ℓtdt ′ where t, t ′ ∈ {k′ + 1, . . . , k}.
4. {di}∪S∪∪kj=k′+1{dj}≻t G+sisj for i ≠ jwhere i ∈ {1, . . . , k′} and j ∈ {1, . . . , k}, {d1, d2}∪S∪∪kj=k′+1{dj}−{dt ′}≻t G+stst ′
for distinct t and t ′ in {k′ + 1, . . . , k}.
5. {d1, d2} ∪ S − {sj} ∪ ∪kj=k′+1{dj}≻t G+ siℓj for i ≠ jwhere i ∈ {1, . . . , k} and j ∈ {1, . . . , k}.
6. {d1, d2} ∪ S − {sj} ∪ ∪kj=k′+1{dj}≻t G+ ℓiℓj for i ≠ jwhere i ∈ {1, . . . , k} and j ∈ {1, . . . , k}.
In each of the cases above, we found a total dominating set of cardinality h− 1, and so G is h-critical. 
5. Critical unicyclic graphs
In this section, we characterize the γt-critical unicyclic graphs with leaves.
Lemma 18. Let G be a unicyclic graph with the unique cycle C, and let ℓ be a leaf such that dist(ℓ, C) ≥ 3. Then G is not
γt-critical.
Proof. Among all leaves ℓ forwhich dist(ℓ, C) ≥ 3, let xbe a leaf such that dist(x, C) ismaximized. Let P : x, x1, x2, x3, . . . , xk
be the shortest path between x and C , where xk ∈ C and dist(x, C) = k. Assume, to the contrary, that G is γt-critical.
We show that k ≤ 4. Assume, to the contrary, that k ≥ 5. As every support vertex is adjacent to exactly one leaf in G,
deg(x1) = 2. Suppose deg(x2) ≥ 3, and consider the γt(G + x1x3)-set U . As deg(x2) ≥ 3, x2 is adjacent to a leaf distinct
from x or at distance 2 from a leaf distinct from x, and so without loss of generality we may assume that x2 ∈ U . But then
(N(x1) − {x3}) ∩ U ≠ ∅ and (N(x3) − {x1}) ∩ U ≠ ∅ and so (cf. Observation 4) G is not γt-critical. We conclude that
deg(x2) = 2.
Suppose deg(x3) ≥ 3, and consider the γt(G+x2x4)-setU . By Lemma9, x3 is adjacent to a leaf distinct from x or at distance
2 from a leaf distinct from x, and so without loss of generality we may assume that x3 ∈ U . But then (N(x2)− {x4})∩U ≠ ∅
and (N(x4)− {x2}) ∩ U ≠ ∅ and so (cf. Observation 4) G is not γt-critical. We conclude that deg(x3) = 2.
Suppose deg(x4) ≥ 3, and consider the γt(G + x3x5)-set U . By Lemma 9, x4 is adjacent to a leaf distinct from x, and so
without loss of generality we may assume that x4 ∈ U . But then (N(x3)− {x5})∩ U ≠ ∅ and (N(x5)− {x3})∩ U ≠ ∅ and so
(cf. Observation 4) G is not γt-critical. We conclude that deg(x4) = 2.
It now follows from Lemma 5 that G is not γt-critical. Thus, 3 ≤ k ≤ 4.
We claim that deg(xk) = 3. Assume, to the contrary, that deg(xk) ≥ 4, and consider a path from xk to a leaf y ≠ x. As
before, deg(x1) = deg(x2) = · · · = deg(xk−1) = 2. Let z be a neighbor of xk on C , and consider the γt(G + x2z)-set U .
By Lemma 9, either xk is adjacent to y or at distance 2 from y, and so, without loss of generality, we may assume xk ∈ U .
Moreover, without loss of generality, wemay assume {x1, x2} ⊆ U . But then (N(z)−{x2})∩U ≠ ∅ and (N(x2)−{z})∩U ≠ ∅
and so (cf. Observation 4) G is not γt-critical.
Next we claim that deg(v) = 2 for every v ∈ V (C) − {xk}. Assume, to the contrary, that deg(v) ≥ 3 for some v ≠ vk,
and consider a path from v to a leaf y. Then, by Lemma 9, k = 3, while v is adjacent to x3, y and a vertex z. Let U be a
γt(G + x2z)-set. Then, without loss of generality, we may assume that {x1, x2, v} ⊆ U , and so (N(z) − {x2}) ∩ U ≠ ∅ and
(N(x2)− {z}) ∩ U ≠ ∅. Thus, G is not γt-critical (cf. Observation 4).
By Lemma 5, |V (C)| ≤ 6.
Suppose k = 4. Let y ∈ N(x4) ∩ V (C). If 3 ≤ |V (C)| ≤ 4, then γt(G) = γt(G + xy) = 4. If |V (C)| = 5, then
γt(G) = γt(G+ xy) = 5. If |V (C)| = 6, then γt(G) = γt(G+ xy) = 6.
Thus k = 3. If |V (C)| = 3, then γt(G) = γt(G+ xy) = 3, where y ∈ N(x3)∩ V (C). Let y, z ∈ N(x3)∩ V (C). If |V (C)| = 4,
then γt(G) = γt(G+ xy) = 4. If |V (C)| = 5, then γt(G) = γt(G+ xy) = 4. If |V (C)| = 6, then γt(G) = γt(G+ xy) = 5. 
Let H1 be the graph obtained from cor(C3) by subdividing each pendant edge, and let H2 be the graph obtained from H1
by removing one leaf. The graph H1 is illustrated in Fig. 3.
Theorem 19. A unicyclic graph G is γt-critical if and only if G ∈ {C3, C5, C6,H1,H2}.
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Fig. 3. The graph H1 .
Proof. It is a routine matter to see that C3, C5, C6,H1 and H2 are γt-critical.
Let G be a γt-critical unicyclic graph and let C be the unique cycle of G. If G is a cycle, then by Corollary 6, G ∈ {C3, C5, C6}.
Thus assume G has a leaf. Among all leaves ℓ, let x be a leaf such that dist(x, C) is maximized. Let P : x, x1, . . . , xk be the
shortest path between x and C , where xk ∈ C and dist(x, C) = k. By Lemma 18, 1 ≤ k ≤ 2.
Let {y, z} ⊆ N(xk) ∩ V (G). Suppose |V (C)| ≥ 4 and let U be a γt(G+ yz)-set. As 1 ≤ k ≤ 2, we may assume that xk ∈ U .
But then (N(y)−{z})∩U ≠ ∅ and (N(z)−{y})∩U ≠ ∅. Thus,G is not γt-critical (cf. Observation 4), which is a contradiction.
Thus, V (C) = {y, z, xk}. We claim that deg(xk) = 3. Suppose, to the contrary, deg(xk) ≥ 4. Now k = 2 and xk is at
distance 2 from a leaf distinct from x, as each support vertex is adjacent to exactly one leaf, and the support vertices form
an independent set. Let U be a γt(G + x1z)-set. Then we may assume that x2 ∈ U , and so (N(x1) − {z}) ∩ U ≠ ∅ and
(N(z)− {x1}) ∩ U ≠ ∅. Thus, G is not γt-critical (cf. Observation 4), which is a contradiction.
Suppose k = 1. If deg(y) = 2 or deg(z) = 2, then γt(G) = 2 and G is not γt-critical. Thus we assume that deg(y) =
deg(z) = 3. Then G ∼= cor(C3) and γt(G) = γt(G+ xw) = 3, wherew is the leaf adjacent to z, which is a contradiction.
Thus, k = 2. Like in the proof of the fact that deg(xk) = 3, we have deg(y) ≤ 3 and deg(z) ≤ 3. If deg(y) = deg(z) = 2,
then γt(G) = 2, and G is not γt-critical. Without loss of generality, assume deg(z) = 3.
Suppose deg(y) = 2. If z is adjacent to the leaf a, then γt(G) = γt(G+ya) = 3, which is a contradiction. So z is at distance
2 from a leaf b, and so γt(G) = γt(G+ ab) = 4, a contradiction.
So deg(y) = deg(z) = 3. If both y and z are support vertices, then γt(G) = γt(G+ ab) = 4, where a is the leaf adjacent
to y and b is the leaf adjacent to z, which is a contradiction. Without loss of generality, assume z is not a support vertex. If y
is not a support vertex, then G ∼= H1, and if y is a support vertex, then G ∼= H2. 
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